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About half of mechanical failures are due to repeated loading. Most of the failures are fatigue related, and
the fatigue problem has been of major concern in the design of structures. The failure is a function of, among
other factors, the external loads, material behavior, geometry of the structure, and crack characteristics. The
relationship between structural geometry and number of life cycles to failure is investigated to improve the fatigue
life of structural components. The linear elastic fracture mechanics (LEFM) approach is integrated with shape
optimal design methodology. The primary objective of the design problem is to enhance the life of the structure.
The results from LEFM analyses are used in the fatigue model to predict the life of the structure before failure is
deemed to haveoccurred. The shapeof the structure ischanged usingthenaturalshapeoptimaldesign methodology.
Gradient-based nonlinear programming techniques are used with the computed sensitivity information to predict
the required shapechanges. Relevant issues such as problemformulation,� nite element modeling,mesh generation,
and regeneration are discussed. Two design examples are solved, and the results show that, with proper shape
changes, the life of structural systems subjected to fatigue loads can be enhanced signi� cantly.

Introduction

A BOUT halfofmechanicalfailuresare due to repeatedloading.1

Most of the failures are fatigue related, and the fatigue prob-
lem has beenof major concern in the design of structures.Engineers
have been developing many approaches to deal with this problem.
The majorityof such investigationsusuallyfocuson the relationship
between crack growth and response measures such as the applied
stress range, strain range, and mean stress. This relationship char-
acterizes fatigue life, which is de� ned as the total number of cycles
or the time to induce fatigue damage and to initiate a dominant
fatigue � aw that propagates to � nal failure.2 An economic study
estimated the cost of failures due to fracture in the United States
in 1978 at $119£ 109 (in 1982 dollars) or about 4% of the gross
national product.3 This study estimated that if the current technol-
ogy were applied the annual cost could be reduced appreciably and
that further fracture mechanics research could reduce this � gure by
$28 £ 109 . Failures can be reduced, to a larger extent, through im-
proved design practice.

Understanding the fatigue failure phenomenon is still an active
area of research. The early research focused on discontinuities in
the material to explain crack growth. Empirical relationships were
developed, and the material constants in the expressions were usu-
ally obtained through experimental data. Research in the past two
decades has shown that various factors, such as energy dissipation,
early growth of short cracks,and friction,contributeto fatigue crack
growth.4– 6 It should be noted that a crack growth is not indepen-
dent of structural geometry. In this research, the relation between
structural geometry and fatigue life is investigated by integrating
the linear elastic fracture mechanics (LEFM) approach with shape
optimal design optimization tools.7 The major thrust of this paper
is a discussion of the methodology aimed at improving the life of a
structuralsystemor componentthroughappropriatedesignchanges.
Achieving this objective requires the understandingof fracture me-
chanics, material behavior, � nite element analysis, geometric mod-
eling, mesh generation,design optimization, and design principles,
to name a few. There are three key issues that need to be dealt
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with to achieve the aforementionedobjectives: an understandingof
the LEFM approach, which provides the basis for computing the
fatigue life of a structural system; the design problem formulation
that is necessaryto solve theproblemwith theavailableoptimization
methodologies;and � nite element modeling and analysis needed to
compute the LEFM parameters. The rest of the paper deals with
these three topics, with the primary focus on the latter two topics.

Problem Formulation
For practical structures, it is either impossible or prohibitively

expensive to design structural systems for life without fatigue fail-
ure. A better alternative is to design with the viewpoint of meeting
the cost and performance requirements of a structural system while
maximizing the life of the system. One could also design to achieve
a certain minimum life while minimizing the design, manufactur-
ing, and maintenance costs. In any case, the design problem can
be posed as an optimal design problem. Such a problem, which
is solved using a mathematical programming technique, is usually
stated as follows:

� nd b 2 Rk

to maximize f f .b/: g.b/; bL · b · bU ; 0.b/ 2 V g (1)

where b is the vector of design variables, f .b/ is the objective func-
tion, g.b/ are the constraint functions, bL and bU are the lower and
upper bounds on the design variables, and 0 belongs to a class V
that is suf� ciently smooth and satis� es design needs. The objective
functionin this study is to maximize the numberof life cycles N that
is a function of stress intensity factors K and crack length a. The
constraints deal with the performance of the system and include,
among other things, the limits on stresses and displacements.With
the problem at hand, there are several issues to be resolved before a
conventionaloptimizationtechniquecan be used to solve the design
problem.

Computation of the Objective Function
The objective function has to be modi� ed so that the formulation

followsthe standardnonlinearprogramming(NLP) format.Because
the primary objective of the design exercise is to maximize the life
of the structure (with an existing crack), the objective function in
this formulation is the number of cycles to failure that is given as

N D N0 C
n

i D 1

1Ni ; i D 1; 2; 3; : : : ; n .2/
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where N0 is the initial number of cycles (due to initial crack), 1Ni

is the number of cycles required to obtain crack extension i , and n
is the number of crack extensions to failure. Failure is de� ned as
the state of the system with a single crack that prevents the structure
from performing as required. The computation of 1Ni is based on
modi� ed Paris law8;9 for mixed-mode fatigue crack growth.10 The
relationship for crack growth rate is given as

da

dN
D n.1Kv/c .3/

where n and c are material constants obtained experimentally and
a is the crack length. In addition,

1Kv D 1
2 1K I C 1K 2

I C 1K 2
I I

(4)
1K I D K I max ¡ K I min; 1K I I D K I I max ¡ K I I min

where K I and K I I are the stress intensity factors (SIF) correspond-
ing to mode I and II deformations, respectively, and 1K measures
the range in the SIF values. Based on the concept that during com-
pression loading the crack closes and, hence, no stress intensity
factor K can exist, fatigue crack growth data usually refer to the
tension condition. In other words, the compression loads have little
in� uence on crack growth behavior. With this assumption, constant
amplitudeloadingand ambient temperature,Eq. (3) can be rewritten
as

da

dN
D n.Kv max/c .5/

where

Kv D 1
2

KI C K 2
I C K 2

II .6/

Assuming that the crack increment 1a is small with respect to
the geometry of the structure, the SIF can be approximated as
piecewise linear functions K D K .a/, and 1Ni can be computed
as follows11:

dN D 1N D da

nK c
v max

.7/

with K D K .a/ D ma C b. Equation (7) can be expressed as

1N D 1
n

.ma C b/¡c da (8)

1N D 1
n.1 ¡ c/m

.ma C b/1 ¡ c (9)

1N D 1
n.1 ¡ c/m

K 1 ¡ c
1 ¡ K 1 ¡ c

0 (10)

where K0 is the value of Kv max at the start of the increment, K1 is
the value of Kv max at the end of the increment, and m is the slope of
the line de� ned as

m D
K1 ¡ K0

a1 ¡ a0

D
K1 ¡ K0

1a
.11/

Hence, Eq. (2) can be computed.

Avoiding Premature Convergence
If the change in the geometry of the structure is very small, there

is a possibilitythat the new valueof N is the same (becausethe crack
length and the crack path may not change). The implication is that
this condition may result in the gradient of objective function being
zero. Hence, to avoid premature convergence, the volume of the
structure is inserted as an additional term in the objective function.
Equation (1) can be rewritten as

� nd b 2 Rk to

min f Nf .b/: g.b/; bL · b · bU ; 0.b/ 2 V g (12)

where Nf .b/ is the modi� ed objective function expressed as

C1V .b/ ¡ C2 N .a; K / .13/

where C1 and C2 are (adjustable) weighting factors, V .b/ is the
volume of the structure, and N .a; K / is the total number of cycles
to failure.Experiencehas shown that themodi� ed objectivefunction
plays a very important role in the stability and convergence of the
design problem. As shown in the Numerical Examples section, it
is also possible to impose the amount of material to be used as a
constraint. This constraint forces the optimizer to redistribute the
material to increase the life of the system.

Imposition of the Constraints
The impositionof the element-relatedconstraints,such as a stress

constraint, requires special attention. This is because the mesh dy-
namically changes as the crack propagates. Hence, the stress con-
straint cannot be imposed elementwise. There are three possible
solutions.First, the stress constraintscan be imposed nodewise.Be-
cause the mesh changes, the nodal stress constraint can be imposed
only at thosepredeterminedpoints that remain as mesh nodes. In ad-
dition, one would have to guess where the maximum stress measure
mightoccur.Second, the stressconstraintcan be imposedpatchwise.
In other words, the maximum stress can be computed over all of the
elements in a patch and can be used as the stress constraint.Experi-
ence has shown that for certain problems convergenceis dif� cult to
obtain because the maximum stress measure, e.g., von Mises, can
oscillate with changing meshes. Third, instead of imposing a stress
constraint,the stressmeasurecan beused as a stoppingcriteriondur-
ing the crack propagation analysis. This is the strategy used in the
current study. Similar comments also apply to nodal displacement
constraints.

Finite Element Modeling
Critical to the process of carryingout the crack propagationanal-

ysis using the � nite element method are the issues of generating
the structuralmodel, mesh generation,and mesh regenerationasso-
ciated with a moving crack tip. Whereas the literature is replete
with papers and books that discuss LEFM-based � nite element
analysis12 – 18 and different approaches to the problem of mesh gen-
eration, literaturethat deals with model and mesh regenerationasso-
ciated with crack propagation is very limited.11 ;19 Whereas manual
controls or user input are sometimes necessary, in a situation in-
volvingcrack propagationor shape optimal design, it is desirable to
minimize(or eliminate) user interventionasmuch as possible.Semi-
automatic (or automatic) mesh generationunder these conditions is
possible if the mesh generationis somehow linked to the model rep-
resentation scheme. A mesh generator called AUTOMESH20 has
been modi� ed to handle the requirements of the current research.
Issues speci� c to handling the crack propagation problem are dis-
cussed in the next few paragraphs. Details of the mesh generator
can be found in a prior publication.21

One of the preferred schemes for automatic mesh generation is
to provide the user with selective control parameters that affect the
mesh density and provide a smooth mesh transition. In addition,
it should be noted that, with crack propagation and shape optimal
design, the choice of remeshing scheme becomes very important. If
local remeshing is used, then considerationmust be given to main-
taining compatibility between the existing mesh and the area to be
remeshed.For example,themeshdensityrequirementdiffersgreatly
between the region around a crack tip and the rest of the structure.

In this research, the structural model is de� ned using the cell de-
composition scheme.22 The model is essentially divided into two
or more patches that are glued to each other on the sides shared by
two patches. A patch is de� ned as a continuous domain where the
material and thickness properties remain the same. Crack initiation
and subsequent extension is restricted to one patch. The restriction
was imposed because of data handling issues in the computer pro-
gram more than any other reason. Patch remeshing (a subset of the
global remeshing scheme) is adopted in this research for several
reasons. First, storage space (memory) requirements are minimal.
By remeshing a patch that has a crack in it, the maximum storage
space required for the patch is no more than three times the original
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storage space for the patch. Second, the characteristicsof automatic
mesh generation, AUTOMESH, are preserved without the intro-
duction of additional strategies to handle special situations. Third,
the compatibility between adjacent patches is automatically main-
tained because only the interior of the patch containing the crack
is remeshed. Fourth, additional user intervention or input is not re-
quired during remeshing. The next two subsections focus on patch
remeshing.

Element Deletion Scheme
Because patch remeshing is carried out instead of global remesh-

ing during crack propagation, the ef� ciency of the element deletion
scheme is very important. The following steps are used in the im-
plementation:

1) Before removing elements around a crack tip, information re-
lated to the crack tip is saved, e.g., material and thicknessproperties.
The patch information is later regeneratedand includes the original
boundary and the crack-related information.

2) The crack-relatedinformation includes the crack locus, rede� -
nitionof the crack tip node, and crack boundarynodes.The previous
crack tip is de� ned as the crack boundary nodes after the � rst crack
increment and the creationof the crack tip. Care is taken to rede� ne
the moving crack boundary by minimizing the number of straight
line segments de� ning the crack surface.

Once these pieces of informationare saved and all data structures
in� uenced by nodes and elements are updated, remeshing of the
patch can take place.

Remeshing Strategy
The remeshing strategy includes three distinct preprocessing

steps. These steps are implemented before AUTOMESH is called
to remesh the patch.

Creation of Rosette Elements
Rosette elements are de� ned as individual elements around a

crack tip that clustertogetherlikea rosette.The elementsare singular
� nite elements with the midside nodes set at quarter-points of the
length of the element side. These elements are required to compute
SIF K . Several researchershave investigatedthe effect of the size of
singular elements in predicting the SIF. Harrop14 indicated that the
singular elements can represent the stress singularity and constant
� nite stress term only. To ensure accurate stress predictions, the
size of the singular elements must be selected appropriately.In this
research, the ratio of crack tip element size with respect to the crack
length is initially set equal to 0.50 with user overrides available if
necessary.This value, called the rosette ratio (RR), is not a constant
and is dynamicallyupdated.Let the element ratio (ER) be de� ned as
the ratio of the size of the rosette element to the size of the smallest
element in the rest of the patch, Emin. If

r > 2 £ ER £ Emin .14/

then

RR D max 1:0;
2 £ ER £ Emin

Dl
.15/

where the default value of ER is set to 1.0 and

r D RR £ Dl

where Dl is the distance from current crack tip node to the node at
crack boundary. On the other hand, if

r < ER £ Emin .16/

then

RR D ER £ Emin

Dl
.17/

Finally, the maximum of the RR values obtained from the preceding
equations is used. The major driving force here is to obtain crack
tip elements with the proper aspect ratio.

Fig. 1 Initial mesh.

Fig. 2 Creation of element rosette.

Fig. 3 Remeshing using AUTOMESH.

Fig. 4 Final mesh including the rossette
elements.

Mesh Density Coef� cients
Because rosette elements are created independently,compatibil-

ity has to be maintainedbetween the elements outside and inside the
rosette and to provide a smooth mesh transition. The mesh density
coef� cient (MDC) values are computed for the nodes in the rosette
to take care of this problem. First, the minimum value of MDC is
taken as 0.1. Second, by assuming that the largest size of the rosette
elements is less than or same as the smallest element size in the
patch, one can then take the MDC value of the rosette nodes as be-
ing no more than the MDCmin of the rest of the nodes in the patch.
In other words,

Cr D
Eros

Emin
D RR £ Dl

Emin
.18/

where Eros is size of the rosette’s elementsand Cr is the intermediate
MDC. If Cr is less than 0.1, then Cr is equal to the user-speci�ed
minimum.On the otherhand, if Cr is greaterthan1.0, thenCr D 1:0.
Finally,

MDCros D Cr £ MDCmin .19/

The major driving force here is to obtain a smooth mesh transition
from the rosette elements to the rest of the patch.

Subgrid Creation
Finally, the split line connecting the crack tip to the patch bound-

ary has to be created. Once MDCros has been computed, the next
step is to compute internal points between the last crack tip and the
currentcrack tip. The internal nodes on these lines are created in the
same way as the internal nodes on a split line. The next step is to
invoke AUTOMESH to remesh this region. The sequence of steps
for an illustrative example is shown in Figs. 1–4.

Numerical Examples
Two designproblemsare solved to illustratethe developeddesign

methodology. The natural shape optimal design methodology23 – 25

is used to solve both of the problems. The method of feasible direc-
tions26 ;27 is usedas theoptimizer.The designsensitivityinformation
is computed using the forward difference method.



258 GANI AND RAJAN

Table 1 Data for cantilever beam

Item Value

Modulus of elasticity E 1.05 (107 ) psi
Uniform load p 750 psi
Poisson ratio º 0.33
Thickness t 0.036 in.
Material toughness Kic 140 ksi

p
in.

Allowable (von Mises) stress N¾ 105 psi
Plate width L 20 in.
Plate height h 10 in.
Initial crack length a 1 in.

Fig. 5 Model of the cantilever beam with an initial crack.

Fig. 6 Six design variables associated with speci� ed displacements of
the key points.

Cantilever Beam with Shear Loads
The � rst example is a cantilever beam with the shear loads at

one end and � xed at the other end. This is a plane stress problem.
The initial shape is shown in Fig. 5. The problem data are given in
Table 1.

The problem domain is made up of one patch de� ned by four
straight lines (1–10, 10–9, 4–5, 5–6) and two cubic Bezier curves
(1–2–3–4, 6–7–8–9). The cubic Bezier curves are used to de� ne
shape change on the top and bottom sides. Six design variables are
used and are related to the displacements of the Bezier key points,
as shown in Fig. 6. Design variable linking is used to maintain
structural symmetry about the x axis.

The objectiveof this example is to maximize the life of the struc-
ture throughshapechanges.The numberof cycles is computedusing
the Paris law, with the coef� cients A D 28:0 and n D 4:9. The initial
number of cycles N0 is set to zero. The objective function is taken
as Eq. (13) with C1 D 1:0 and C2 D 10:0. These constants were se-
lected to favor enhancing the life of the structure over the usage of
the material. The limit on the latter was placed through a volume
constraint of 10 in.3 . The other constraints for this problem include
geometric constraints that limit the extent of the structure in the y
direction. The von Mises failure criterion is not directly used as a
constraint; instead, it is used as a stopping criterion in the crack
propagationanalysis. Also the maximum displacement at a node in
the x – y directionsis limited to 1% of the dimensionof the structure

Table 2 Initial and � nal design details

Initial coordinate Final coordinate
Node X , in. Y , in. X , in. Y , in.

1 0.0 0.0 0.0 ¡2.22
4 20.0 0.0 20.0 2.36
6 20.0 10.0 20.0 7.64
9 0.0 10.0 0.0 12.22

N 14 434

Fig. 7 Final mesh and shape with exaggerated displacements.

Fig. 8 Solder joint model and boundary conditions.

in that direction: in other words, 0.1 in. in the y directionand 0.2 in.
in the x direction.

The � nal results were obtained in 15 design iterations.The num-
ber of cycles to failure was increased to 434 from 14 by making
the appropriate shape changes. During the course of the design, the
� nite element analysis was carried out 120 times (gradient plus line
search). The � nal results are shown in Fig. 7 and Table 2. As is seen
in this example (as well as the next), the shape changestake place so
as to shift more material in a manner that makes the structure stiffer
and reduces the SIF at the crack tip. In this regard, the location and
the size of the initial crack determine the � nal solution.

Flip Chip Solder Joints
The second example is the design of a � ip chip solder joint under

thermal loading.28 Whereas the entire package is made up of tens
of these solder joints, experience has shown that the corner joints
are the most vulnerable. Hence, analyzing and understanding the
behaviorof a typical corner joint is crucial to the design of the pack-
age. The structural model for such an analysis is shown in Fig. 8.
The top material is an Si chip with a coef� cientof thermalexpansion
(CTE) ® D 2:4 £ 10¡6/±C. The bottom portion is Al2O3 substrate
with ® D 6:5£10¡6/±C. The middle part is the 5 wt% Sn 95 wt% Pb
solder with ® D 28:7 £ 10¡6/±C. Stresses are induced in the pack-
age due to CTE mismatch between the different components. The
problem domain is divided into three patches, one for each material
or component. The patch containing the solder is de� ned by two
straight lines and two cubic Bezier curves. The chip and the sub-
strate are modeled with patches de� ned by six straight lines. The
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Fig. 9 Initial crack and design variables.

Fig. 10 Initial mesh and shape (case A).

Fig. 11 Final mesh and shape (case A).

design variables used in this problem are four groups of speci� ed
displacements, as shown in Fig. 9. The choice of the design vari-
ables is such that the solder is symmetric about the y axis and the
height of the solder does not change (a package requirement).

The intent of this example is to study the effect of shape change
(in a solder with a single existing crack) on the number of life
cycles. The solder joint has the following properties: Young’s
modulus E D 2600 MPa, Poisson’s ratio º D 0:3, allowable stress
N¾ D 100 MPa, and critical toughness KIC D 8 MPa

p
mm. The en-

tire package is assumed to have a uniform temperature change
1T D 2000±C during temperature loading. The number of cycles
is computed using Paris law (da=dN D A £ 1K n ) with the coef� -
cients A D 2:77 £ 10¡7 and n D 3:26 (Ref. 28). Finally, the thermal
fatigue life N f of the corner solder joint is equal to ¸N , where
¸ D 0:00078 is a thermal stress correction factor.28

The initial crack is 0.02 mm and is locatedon the upper-left-hand
side of solder joint (a in Fig. 9). With the initial concave shape, the
number of cycles to failure N is 9937, with a corresponding crack
length of 0.10 mm. On convergence (with the � nal shape), N is
increased to 14,520,with a correspondingcrack length of 0.10 mm.
After four iterations (or 25 function evaluations), the life of the
solder joint increases by 4583 or about 46.1%. The � nal and initial
dimensionsare presented in Table 3. The initial and the � nal shapes
are shown in Figs. 10 and 11. This study is case A (Table 3 and
Figs. 10 and 11).

To ensure that the convergence is not premature, the model is
rerun using a different initial shape. Case B starts with a convex
shape for the solder. The results show that the objective function
and the � nal shape for case B are very close to the results from case
A. The initial and � nal shapes for case B are shown in Figs. 12 and
13, respectively.

One should be careful in interpreting the problem formulation
and results. Normally cracks occur at the interfaces, e.g., die or
substrate. In this example, the existing crack is below the inter-
face. This is the location at which the probability of occurrence

Table 3 Initial and � nal dimensions (case A)

Initial coordinate Final coordinate

Node X , mm Y , mm X , mm Y , mm

1 ¡0.60 0.0 ¡0.60 0.0
2 ¡0.19 0.0 ¡0.13 0.0
3 0.19 0.0 0.13 0.0
4 0.60 0.0 0.60 0.0
5 0.60 ¡0.15 0.60 ¡0.15
6 ¡0.60 ¡0.15 ¡0.60 ¡0.15
7 ¡0.60 0.32 ¡0.60 0.32
8 ¡0.15 0.32 ¡0.13 0.32
9 0.15 0.32 0.13 0.32
10 0.60 0.32 0.60 0.32
11 0.60 0.47 0.60 0.47
12 ¡0.60 0.47 ¡0.60 0.47
A ¡0.13 0.13 ¡0.14 0.13
B ¡0.13 0.23 ¡0.13 0.23
C 0.13 0.13 0.14 0.13
D 0.13 0.26 0.13 0.23
N 9,937 14,520

Fig. 12 Initial mesh and shape (case B).

Fig. 13 Final mesh and shape (case B).

of the initial crack is the highest (possibly due to the � aw dis-
tribution during the formation of the solder) and is con� rmed
experimentally.28 The optimal design results are also counter to the
previously established observation that barrel-shaped solder joints
have a shorter life compared to a more � exible hyperbolic shape.29

However, in this design example, with the existing crack, the mate-
rial redistribution is such that the solder is strengthenedaround the
crack.

Concluding Remarks
The relation between structural geometry and fatigue life N has

been developed by integrating LEFM with design optimization
tools. The integrateddesign system uses design sensitivity analysis,
a gradient-basedoptimizer, the � nite element method with quarter-
pointelementsin thevicinityof a crack tip, anda speciallydeveloped
general two-dimensional mesh generator. Paris law is used to pre-
dict the life of the structural system and uses the developed relation
between crack growth da=dN vs the applied SIF range 1K .

The problem formulation is the most crucial component for a
variety of reasons. The use of standard gradient-based NLP tech-
niques dictates that the problem statement be in the standard for-
mat. However, because of the traits of the problem, special changes
are necessary to obtain a solution and speed up the convergence.
The major requirement is that the objective function be suf� ciently
sensitive even to the smallest of changes in the design variables.
This is necessary to avoid premature convergence. Also, instead
of imposing the stress constraints, the failure criterion is used as
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one of the stopping criteria during the crack propagation analysis.
This approach overcomes the stability and convergence problems
associatedwith other techniquesof handling the stress (or displace-
ment) constraints.The convergencefor both the problems was quite
rapid and smooth. On an average, between two and three function
evaluations were necessary during line search.

Although the numerical examples show that the proposed
methodology has tremendous potential, several de� ciencies exist.
Some of the improvements that can be made include the following:
handling elasto–plastic fracture mechanics, other crack geometry
(multiple cracks, interior cracks, etc.), and computing the gradients
semianalytically.
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